In the note a simple calculation of one loop threshold corrections for the SO (32) heterotic string is performed. In particular the compactification on T 2 with a Wilson line breaking the gauge group to SO(16)×SO(16) is considered. Using heterotic type I duality, these corrections can be related to quantities appearing in the quantum mechanics of type I ′ D0 particles.
Introduction
The quantum mechanics of D0 branes and coming with it the question of existence of bound states of D0 branes is important for various string dualities. M-theory/type IIA duality implies that there is a single bound state of N D0 branes for any N corresponding to the Kaluza-Klein modes on the M-theory circle [1] . The relevant index for the case of two D0 branes was computed in [2] , [3] . In this calculation the index is split into a bulk and boundary term which in turn is expressed as a zero dimensional matrix integral, whose value for arbitrary N was conjectured in [4] using results from [5] . The bulk term of the index was directly calculated in [6] using methods of topological field theory.
Another interesting example quantum mechanics of D0 particles appears in the so called type I ′ theory, which describes D0 particles in the presence of D8 branes and orientifold O8 planes [7] [8] [9] [10]. This theory is important for the matrix theory formulation of the heterotic string [11] [12][13] [14] . Type I ′ string theory is defined as the orientifold on IIA on S 1 /Z 2 which is T-dual to type I theory. There are two orientifold eight planes at the two ends of the interval and sixteen D8 branes in between. If eight D8 branes are on top of each orientifold plane, the gauge symmetry is given by SO(16)×SO (16) . The strong coupling limit of this system is given by M-theory on S 1 /Z 2 [15] . The states which are not present in perturbative type I ′ spectrum, but which are needed to fill out the E 8 × E 8 multiplets, are given by bound states of D0-particles [16] [17]. Hence we have to look for bound states of D0-particles transforming in the 128 and 120 of SO (16) .
It is interesting to find the description of these states in the heterotic SO(32) theory where they are perturbatively realized. These states are BPS states or which N R = 0 (1/2) or the R(NS) sector and the mass and level matching [10] [16] [18] conditions become
where the right moving momenta in Γ 17,1 are given by
where Y is a Wilson line along S 1 and P are momenta in SO(32) lattice and m and N are the momentum and the winding along S 1 respectively. With a Wilson line given by (16) and the analysis in [16] shows that the states with N L = 0 and even n lie in the (120, 1) + (1, 120) of SO(16) × SO (16) whereas the states with odd n lie in (128, 1) + (1, 128) 
Heterotic one loop thresholds
Here the matrix A is given by 2×2 matrices with integer entries 
We introduced the standard notation for the theta functions
The form of the operator Q in (3.2) depends on the threshold in question. For gravitational thresholds t 8 tr(R 4 ) and t 8 (tr(R 2 )) 2 Q is independent of the spin structures and A in (3.4) and is given by (2.3). The operator Q for tr(F 4 ) and (tr(F 2 )) 2 can be found by 'gauging' (3.4) [24] . The 6) whereas for the (tr(F 2 )) 2 threshold the operator is given by
(3.7)
Where the following notation has been introduced e 2 = θ 
Evaluation of integral
The integral (3.2) can be evaluated using the method of orbits [27] . In the present context this technique was discussed in [19] [20] and in [21] , where type I thresholds with certain Wilson lines present were evaluated using results from [28] . Without Wilson lines it is straightforward to show that under the modular SL(2, Z) transformationsτ = (aτ +
The summation over all integer matrices matrices A can then replaced by the summation over all equivalence classes of SL(2, Z) orbits. There are three different cases, the trivial orbit A = 0, the degenerate orbit det(A) = 0 and the non degenerate orbit det(A) = 0
In the following we will consider only the non degenerate orbit,where the fundamental F is unfolded into the double cover of the upper half plane H. The non degenerate SL(2, Z) orbits fall into the following equivalence classes
When Wilson lines are present, matters are more complicated but using the well known transformation properties of the theta functions under τ → τ + 1, τ → −1/τ is is easy to see that for both Q tr(F ) 4 (3.6) and
the following way
Hence the method of orbits can be used to unfold the integral. For the non degenerate orbit we get
In order to evaluate (4.4) it is convenient to split the summation over equivalence classes
The expansion of QC(Y, A (i) ) appearing in (4.4) in powers of q = exp(2πiτ ) and powers of 1/τ 2 is given by
The integral (4.4) is then of the form I n,r defined in appendix. Such integrals were evaluated in [19] [20] and the main results are reviewed in the appendix for completeness.
The terms of order 1/q in (4.6) are problematic for the type I ′ interpretation as discussed in section 6. For all QC(A (i) which will be considered later it turns out that only the A (1) and A (3) sector contribute terms of order 1/q in the integral. In addition we shall find that c
−1,r . In this case the summation overj of the two terms can be combined giving 0≤j<2k exp(−πj/k) = 0 and hence these contribution vanish when summed over j.
In section 6 only terms of order q 0 in (4.6) will directly related to quantities in type I ′ QM, which corresponds to taking the limit U 2 → ∞. For these terms the nonholomorphic pieces in the (tr(F 2 )) 2 and (tr(R 2 )) 2 due to the presence ofÊ 2 will not supressed by inverse powers of U 2 in the U 2 → ∞ limit as explained in the appendix.
Using (A.5) the I 0,0 part of the integral (4.4)can be expressed as,
In all examples considered below we find that c
0,0 , Hence the contributions of the A (2) and A (4) sector can be combined, rearranging the summation gives
0,0 + c
Where N |n denotes the set of all integers n which divide N .
t 8 tr(R 4 ) thresholds
For the t 8 tr(R 4 ) threshold, the operator Q does not depend on the spin structures of the theta functions associated with the first factor SO(16),
Combining (4.9) with (3.4)QC(A (i) ) for tr(R 4 ) is given by Exanding term in (4.15) it is easy to confirm that there are no terms of order 1/q present.
Furthermore we get c
0,0 = c 
type I ′ Quantum mechanics
In order to determine the existence of bound states of D0 branes an index of the D0 brane QM has to be computed. In the case of type IIA D0 branes in ten dimensions this was done for the case of two D0 branes in [2] , [3] . In this calculation the index is split into a bulk and boundary term which in turn is expressed as a zero dimensional matrix integral.
The Hamiltonian for the (0, 8) quantum mechanics governing D0-particles in type I ′ is given by (in the gauge A 0 = 0 and following the notation of [9] ) Gauss constraint is given by
The index of QM is given by
where the trace is taken over gauge invariant states which satisfy G = 0. An integration by parts turns the index into a bulk Z N and deficit term δI N , where I = Z N + δI N and the bulk term is given by
type I ′ interpretation
We want to use the results for the heterotic thresholds to determine matrix integrals of D0 particles in type I ′ quantum mechanics. For simplicity we will consider a square torus with radii R 1 , R 2 , the Kahler and complex structure moduli are then given respectively by
Under heterotic type I duality the coupling constants, metric and AST field are related by
Under a T-duality along the first circle type I gets mapped to type I ′ , where the radii are related by
Hence the heterotic moduli T and U get mapped to
In the type I ′ variables the heterotic modulus T has the interpretation of the action of a Euclidean D0 brane worldline on a circle of radius R 2 . On the other hand the modulus U is independent of the type I ′ coupling constant and can be interpreted as the action of open string worldsheet instantons which stretch between the two 8-brane/orientifold planes. In the limit of infinite separation of the 8-brane/orientifold planes R 1 → ∞ all contributions of the form exp(2πkU ) will therefore vanish for k > 0. For this limit to be meaninful it is important that terms of order 1/q in the integral (4.4) do not contribute as mentioned in section 4, since they will behave as exp(2πU 2 ) which diverges as U 2 → ∞. Note that the in the limit U 2 → ∞ the two O8 planes effectively decouple. A calculation as in section 4 for a
2 threshold, where the two traces are over the two different SO(16), reveals that there are no terms which survive the U 2 → ∞ limit. Hence the traces involving only one SO(16) factor should be sensitive only to the QM of D0 particles on one O8 plane. The situation for the gravitational threshold might be more complicated allthough the counting of fermionic zero modes suggests that the thresholds are only related to D0-branes on one of the two O8 planes. In the following we will identify exp(2πiN T ) term in the threshold with the euclidean action for a worldline of a bound state of N D0 branes. The prefactor of the threshold should then be related to the bulk partition function Z N of the index for N type I ′ D0-particles. This is the same idea used in [4] for the IIA D0 particle quantum mechanics. For odd N the I 0,0 calculated in (4.11),(4.14) and (4.16) are of the same form and it is tempting to conjecture that the value of Z N up to an N independent numerical factor is given by
The value of Z N is determined up to an N independent constant which can in principle be determined by a careful analysis of the relative normalization of the heterotic calculation and the type I ′ QM. On the other had for even N , i.e. N = 2N ′ , the results for the integrals I 0,0 have a different structure than (6.5). The terms in I 0,0 (4.11),(4.14) and (4.16) proportional to exp(2πi2N ′ T ) are given by
232
and
All these expression are of the form
with some constants c 1 and c 2 and it is natural to assume that the bulk part of the index has the same structure, allthough it is at present not clear whether one can read off the value of the constants from (6.6) directly.
A possible explanation for this behavior of the thresholds for even N could be that the heterotic threshold corrections are not related directly to the bulk part of the index but to some correlation function for the QM, which differs from the bulk index for 2N D0
particles but is proportional to it for odd number of D0 particles.
The fields entering the quantum mechanics also contain eight singlet bosons x i .i = 1, · · · , 8 and eight fermions θ a , a = 1, · · · 8. The R 4 threshold then corresponds to the loop amplitude of a D0 brane coupling to four gravitons. The vertex operator for a graviton with polarization ternsor h ij coupling to the D0 branes is given by
The insertions of the four graviton vertices soaks up the eight fermionic zero modes θ a .
The SO(N ) part of the QM does not couple to these 'center of mass' coordinates and hence the R 4 threshold should then be multiplied by a partition function of the SO(N ) degrees of freedom which we interpret as the bulk term for the QM.
In the case of tr(F 4 ) and (tr(F 2 )) 2 , the situation is more complicated since the gauge fields live on the D8 brane and there is a coupling between these and the SO(N ) QM via 
In particular the heterotic threshold calculation implies that there is a difference between the case N even and N odd for these correlation functions. It would be interesting to check this conjectured result explicitly.
D0-particle loop
There is a simple picture of the result for the bulk part of the index Z N in (6.5) . N D0 particles will form bound states which transform (according to heterotic type I duality)
as the 128 of SO (16) for odd N and as the 120 of SO (16) for even N. One can imagine that the D0 particles are stuck on the D8-O8 branes. The tr(F 1 ) 4 can then be interpreted as coming from a loop of D0 particles with four graviton vertex operators (6.10) inserted.
where µ is the mass of a D-particle. If the D-particle is stuck on the D8-brane the momentum integral is nine dimensional, i.e. D = 9. Furthermore inserting four vertices to soak up fermionic zero modes introduces a factor of t 4 , i.e. k = 4 in (7.1). After integrating out the loop momentum and performing a Poisson resummation over n, we get
In the second line formula (A.3) from the appendix has been used. The mass µ of a D0 particle of charge n given by µ = n/λ and A = nA RR . Hence summming over the contribution of a charge n D0 particle winding m times givs
Note that there is a differences to the case of the IIB D0 particle analysis given in [4] . Due to the fact that the momentum integral is only nine dimensional (since we assumed that the D0 brane is stuck on the orientifold plane) the integral reduces to a Bessel function K 1/2 instead of K 1 . Since the series expansion for K 1/2 terminates after one term this implies that there is no infinite asymptotic series of corrections. This behavior should reflect the exact cancellation of bosonic and fermionic fluctuations for the type I ′ quantum mechanics.
Note also that the extra contribution for the tr(F ) 4 and (tr(F 2 )) 2 thresholds for N = 2N ′ could be interpreted as coming from N ′ D0 particles with charge two. This might come from D0 particle pairs which move pairwise off the D8 plane and form a bound state with twice the charge.
Conclusions
In this note a heterotic one loop calculation of threshold corrections in the presence of Stephan Stieberger for pointing out an error in a previous version of the paper. This work was supported in part by NSF grant PHY-9802484.
Appendix A. Evaluation of the integrals
In this appendix we review the evaluation of integrals appearing in the heterotic threshold calculation. The basic technique was developed in [27] for more details in this context see [19] [20].
I n,r = The integral over τ 2 can be done using the formula Where in applications of this formula in section 4 the sumation range of j depends on the sector A (i) which is considered.
